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Abstract: Shafts mounted on bearings are subjected to vibrations due to many known and 
unknown causes. In many cases the causes of vibrations of a shaft may be initiated from the 
bearing parts and their manufacturing qualities. The mechanical vibration of a shaft mounted on 
bearings can be interpreted as chaotic oscillation of the shaft axis during its rotation and faster 
translation of mass in a chaotic manner and in unaccountably multiple directions.  If we can 
determine these micro translations of mass-load including their velocity, it is possible to assess the 
energy created by the process of chaotic oscillations of the shaft-mass.  
In this article mathematical and physical modelling of scattered energy of vibrations emanated 
from individual causes of vibrations and the model of total scattered energy of vibrations are 
presented. The models correlating the total scattered energy of vibrations with the manufacturing 
and exploitation qualities of bearings can be used for vibration assessment of any rotating unit.  
Keywords: bearings, dissipated energy, high speed rotating shaft, scattered energy of vibrations, 
vibration assessment. 
1. Introduction 
Mechanical vibration of a body can be explained, in general, as continuous repetitive and cyclic 
dislocation of the body from its original position for a defined or undefined period of time. If a body 
after dislocation does not repeat cyclic motion, the phenomenon can be called as displacement of the 
body and the force applied on the body may terminate its activation. During vibrations a micro-motion 
of a body is always accompanied by a continuous activating force that stops activation only when 
vibration of the body is discontinued. The analysis, measurement and prediction of vibratory motion of 
physical bodies are always major topics for engineers and scientists in the machine design and 
analysis areas. The vibrations of a body may follow either linear or non-linear nature. If the vibrations 
of a body can be modelled mathematically using an equation, may be a differential equation, the 
variables of which  are expressed in first power only, is called linear vibrations. If the power of the said 
variables is expressed by more than one, is called non-linear vibrations. Again, vibrations of a body 
can be classified as free vibrations and forced vibrations. Free vibrations are solely caused by the 
energy stored in the body at the commencement of the motion; while a forced vibration may cause by 
external forces acted on the body continuously or non-continuously. 
If we consider a rotational shaft mounted on bearings, it possesses chaotic oscillations about a stable 
equilibrium position. There may be enormous number of known and unknown causes of vibrations of a 
rotational shaft. By nature theses causes of shaft vibrations may be due to exploitation conditions as 
well as due to inadequate manufacturing qualities of bearing components used and that of the shaft 
itself.  It was found by the author that the following may be the most influential causes [1] of  shaft 
vibrations due to manufacturing inadequateness of bearing components: 
1) Deviation of ideal geometric shape i.e. profile irregularities of working surfaces and surface 
texture of outer and inner races of spindle bearing; 
2) Deviation of ideal geometric shape of rolling elements (balls, rollers and needles) or 
scattered location of the latter having different to lerances during bearing assembly; 
3) Technological fit-gap between rolling element and the nest of the separator (cage) of 
bearings; 
4) Ovalness of races of rings of the spindle bearing; 
5) Insufficient height of the sliding slots of the bearing rings; 
6) Presence of fluidic and other hard dust particles on the working surfaces; 
7) Contact of rolling elements one with another and also with other rolling surfaces in be arings; 
8) Minor axial deflections of the spindle during operation; 
9) Friction of gaskets with other elements in the assembly; 
10) Elastic contact deformation of rolling elements and rings during high loading of spindles; 
  
11) Manufacturing quality of separator and other elements of bearings; 
12) Improper lubrication system for bearings; and many other causes to list down. 
 
Whatever the reason is the mechanical vibration of a shaft or a spindle mounted on any types of 
bearings can be interpreted as chaotic oscillation of the shaft / spindle axis during its rotation. In 
many cases a shaft or a spindle carries external loads including its own mass. Therefore, during 
rotation of shafts and spindles faster translation of total mass happens in a chaotic manner and 
unaccountably in multiple directions. Therefore, if we can determine these micro translations of 
mass-load including their velocity it is possible to assess the energy created by the process of 
chaotic oscillations of the shaft-mass or spindle mass. Since any amount of energy initiated by 
vibrations is instantly scattered away during initiation in different manners, this energy is proposed 
to call as scattered energy of vibration of a spindle or of a shaft. 
 
2. Methods of vibrations assessment  
Any physical body possessing mass can vibrate. Conventionally from the very beginning, vibrations 
are assessed by their amplitude and frequency. Since vibrations of a body are considered to be 
periodic phenomena, can be defined by a sine or cosine function as follows [2]:   
( ) cos( )x t X tw q= -                                                                                                      (1) 
Where, 
X = the maximum or peak amplitude (in necessary distance unit) ; 
( )tw q- = phase angle [radians]; 
w  = angular frequency [radians / sec], and 2w pn= ; 
n = frequency, number of cycles of motion per second [Hz]; 
q  = initial phase angle [radians]. 
The time between two identical conditions of motion is called the period T  and it is measured in 
seconds. The number of cycles of motion per unit time is called frequency expressed in hertz (Hz) 
which is the number of cycles in second. 
1 2p
n w
T = =                                                                                                                   (2) 
Manley in his early work predicted that if the amplitude of free vibration of a body diminishes in time 
the motion decays to zero, therefore, during that process there is a loss of energy. He attempted to 
model [3] the work done in this process as below mentioned. 
Displacement of a body, .sinx X tw= , and assuming f = acceleration of the body during vibration 
Manley formulated [3], work done by the force as follows: 
  W fdx= ò                                                                                                                        (3) 
 These equations are completely theoretical and the author believes due to their insufficiency in 
relationship to the real world the latest equation failed to find any substantial applications in 
engineering sciences. 
In this article the author has attempted to develop models for assessment of vibrations of a body using 
scattered energy (or in other words dissipated energy which must be scattered immediately after 
initiation) of vibration correlating the parameters of the components causing physical vibrations.  
 
3. Scattered energy of vibration 
As mentioned in the previous section, we do have some understanding about dissipated energy of 
vibration, which is based on the internal granular friction of metal and considers the phase motion and 
  
the displacement occurred. Also we know from classical physics particularly from Newtons Second 
Law that the force (F) causing a change in the motion (v) of a body with mass (m), can be written as 
follows: 
( )dF mv
dt
=                                                                                                                   (4) 
The new parameter, called scattered energy of vibration (En), is philosophically the energy that is 
emanated during vibration [1 ] by the motion of body to a particular displacement due to a particular 
cause and instantly it is disbursed around in the environment or in the bodies in contact. It is 
envisaged that so far we are able to calculate individual quantity of E n for each particular causes of 
vibrations, this will help us to solve many sophisticated design and manufacturing related problems in 
engineering and sciences. 
For an example let us consider a rotating shaft mounted on bearings for modelling the scattered 
energy of vibrations due to individual causes of vibrations for the shaft in the following section. 
    
3.1 Scattered energy of vibration due to profile irregularities  
The existing profile irregularities of the inner races of bearings have picks and valleys, which is 
allowed and accepted within tolerances during manufacturing of bearings. During rotation of the shaft, 
since the shaft is rigidly assembled inside the inner race, the latest rotates along with the shaft. The 
rolling elements, lets consider in this case balls, rotate around their own axes as well as around the 
axis of the shaft. During this type of complicated motions of rolling elements and the inner race, the 
rolling elements passes through those picks and valleys of the inner race. As shown in the Figure 1, a 
ball rotates around its axis as well as translates from pick down to valley and valley to pick and so on. 
Lets consider, the rotational motion of the ball is 1w  and linear velocity isv  in Figure 1. 
 
 
 
Figure1: Schematic for calculation of scattered energy of vibration emanating from profile irregularities 
of inner races of spindle bearings 
 
Hence, the scattered energy of vibration due to profile irregularities ( .En pi ) can be calculated by the 
following equation [1]. 
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Where, 
 
M - Deduced average mass-load on the considered centre of rotation of the shaft. It includes the 
masses of the rotating parts of the considered bearing, partial mass of the shaft, and any other loads 
applied on the shaft. 
z - Quantity of rolling elements in the bearing considered; 
n - Speed of spindle rotation (rpm); 
R - Deduced average radius of rotation of the system; 
g -  Coefficient of relative slip of rolling element; 
S i i1 1, d - Geometry of i -th profile irregularity of race of inner ring of spindle bearing as in Figure 1; 
i - Sequential number of irregularities. 
 
The scattered energy portion emanated from the irregularities of race of outer ring of a spindle bearing 
is generally less than that due to inner ring. This phenomenon may be explained by the stable position 
of the outer ring and only a particular zone of the race participates in the major dynamics [1] of the 
rolling elements. The scattered energy emanated from the outer ring race also may be calculated 
similarly taking in account the surface irregularities mainly of the mentioned zone. Overall, it is 
concluded by other authors that outer ring race plays less important role in spindle vibration. 
 
3.2 Scattered energy of vibration emanating from fit-gap of rolling elements in the 
separator of the spindle bearing 
.    
Amplitude of spindle vibration is remarkably influenced by the fit-gap value between the rolling 
element and the nest of the separator. For an increment of this fit-gap value from 0.05 mm to 0.35 mm 
the vibration level is increased by 4 times. 
 
The quantity of scattered energy emanating from fit-gap of rolling element (En.fg) in the nest of the 
separator (Figure 2) may be calculated by the following equation [1] as follows: 
 
 
 
Figure 2:   Calculation schematic of scattered energy of vibration emanating from fit-gap (En.fg) of 
rolling elements in the cage   
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Where, 
The parameters M, R, z, n carry the same significances like as in t he equation (5), and 
 
S2 - Value of displacement of rolling elements due to fit-gap in the nests of the separator; 
a -  Half (½) of contact angle of the bearing. 
 
3.3 Scattered energy of vibration due to the incidence of big eccentric  
 
The incidence of big eccentric may be assumed due to the unfavourable location of larger  (within 
tolerances) rolling elements in one half and the smaller in the other half periphery of the separator in 
bearing asse mbly. This may also happen due to the wear of rolling elements after a certain period of 
services of the spindle block. This may be assumed to be the most unfavourable situation.  
 
The quantity of scattered energy of vibration due to the incidence of big eccentric (En.be) may be 
calculated as follows [1] using the newly developed equation (7): 
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Where,  
The parameters M, z, n posses the same significance like as in equation (5) . 
r - Deduced radius of the rotating system and it is calculated as follows. 
r = (Radius of spindle shaft + thickness of the inner race + radius of rolling element) 
d3 -  The value of big eccentric. 
 
The related schematics for calculation of scattered energy of vibration due to the incidence of big 
eccentric considered in this section and the schematic for the next section, and the other related 
schematics [1] will be displayed during presentation of the paper. This was not possible to display in 
this paper due to volume limitation of the paper. 
 
3.4 Scattered energy of vibration emanating from ovalness of races bearings 
 
Ovalness of outer ring race is considered in this case and it may happen during its manufacturing 
within its tolerances and allowances. There is a most probable possibility that this may happen after a 
certain period of services under the action of working load normally directed to a particular limited 
zone (z-y) of the outer ring of the spindle bearing. 
 
Quantity of scattered energy of vibration emanated from ovalness (En.ov) of races of spindle bearing 
may be calculated as follows by the newly developed [1] equation 8.  
 
 En ov M
n
r S. = ×æèç
ö
ø÷ × ×
p
30
2
4                                                   (8) 
 
 
Where,  
 
The parameters M, n, r posses the same significance like as in equations (5 & 7) and 
 
S4 -   Value of ovalness of the race of inner ring of the spindle bearing. 
  
 
4. The total scattered energy of vibrations 
The total scattered energy (å En) of shaft vibrations due to the above mentioned reasons may be 
calculated [1] simply by summing them using the following equation: 
 
 
( . . . . )En En pi En fg En be En ovx= + + + + ---å                 (9) 
 
Where, 
 
x - Coefficient of occurrence probability of vibrations in a shaft or simply the factor of vibration 
probability. It considers all other probable vibrations emanated from known and / or unknown causes 
except those identified and taken into account. 
 
Since by the help of  the equation (9) the total quantity of scattered energy may be calculated 
depending upon the design tolerances, manufacturing allowances and allowed errors of individual 
details and parts of a spindle block and its assembly quality , therefore equation (9) directly correlates 
the scattered energy of vibration with the design and manufacturing qualities [4] of shafts and bearings 
even with the surface finish quality of some of the details of the bearing and working regimes of the 
shaft / spindle considered.   
 
5. Case study  an application of the proposed methodology  
 
As a parameter, for modelling vibration based fatigue damage of spindle bearings , the scattered 
energy of vibration has been implied to determine the life duration of bearings of a high speed spindle 
designed and produced by ENIMS, Moscow. The details of the analysis will be published in the near 
future. The results of experiments for life prediction of the high speed spindle VSHG-33 using the said 
methodology can be displayed during the presentation of the paper in the conference.  
6.  Conclusions and recommendations 
The developed mathematical and physical models of scattered energy of vibrations correlate levels of 
shaft vibration directly to manufacturing qualities of individual components of bearings under 
investigation. The models also mathematically correlate working regimes to the quantity of scattered 
energy of vibrations. The quantity of total scattered energy of vibration per unit deduced mass 
considers the technical, technological and design tolerances, allowances, errors accepted during the 
manufacturing of bearings and also the working regimes of the shaft / spindle. 
Therefore, these models could be used by machine manufacturers, particularly by bearing 
manufacturers, to achieve certain level of surface integrity, accuracy of products manufactured. On top 
of that, these models are advantageously applicable for high speed rotating mechanisms design 
including high speed spindle design, rotor design, and other similar mechanisms. 
Since many machines and machine components, such as bearings, turbine blades, rotor bearing, 
blades of propellers are subjected to vibration based fatigue damage and since it is established that 
many vibrations are caused by vibrations, scattered energy of vibrations may be useful to investigate 
and analyse the vibration based fatigue failure / damage of the above mentioned components or 
similar machine parts subjected to vibrations. 
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